In the numerous distillations which were performed for the puri fication of the hydrate of cresyl, some circumstances were observed which led to a suspicion that the body undergoes a change of composition, either through the distillation itself, or by some in fluences accompanying it. These circumstances were,-1st. A tarry residue, from a liquid which when introduced into the retort was perfectly colourless. 2nd. The formation of a small quantity of water in the commencement of such a distillation, though none was contained in the substance used. 3rd. The gradual lowering of the boiling-point of the whole liquid by a great number of distillations. These facts, taken in conjunction, naturally suggested that the oxy gen of the air contained in the retort might act upon the substance, and thus gradually reduce it to hydrate of phenyl.
In order to test the correctness of this hypothesis, the atmospheric air was expelled from the distilling apparatus by dry hydrogen gas, and the distillation performed in a pure atmosphere of this gas. A great number of distillations performed in this manner were at ex actly the same temperature, and all the other anomalies were simul taneously removed. It was however found that the liquid always boiled at a lower temperature in hydrogen than m atmospheric air, the difference being about 2° Cent., and this without any alteration of the pressure on the surface of the boiling liquid. A similar fact was noticed in the distillation of hydrate of phenyl, and also of some other liquids.
XVII. " On the Formation of Powers from Arithmetical Pro gressions." By C. W heatstone, Esq., F.R.S. Received
June 15, 1854.
The same sum na may be formed by the addition of an arithmetical progression of n terms in various ways. Hence we are enabled to construct a great variety of triangular arrangements of arithmetical progressions, the sums of which are the natural series of square, cube and other powers of numbers. Among these there are several which render evident some remarkable relations.
Each of the following triangles is formed of a series of arithmeti cal progressions, the number of terms increasing successively by unity.
The first term of an arithmetical progression of n terms having a common difference S, and whose sum is na, is equal to Jj § 1. SQUARE NUMBERS.
If S = n~, the first term A.
Every square ra2 is the sum of an arithmetical progression of n terms, the first term of which is unity and the difference 2. Ihus, every square number is formed by the addition of a series of odd numbers commencing with unity; a result universally known.
I he difference of any two squares is either an odd number, or the sum of consecutive odd numbers.
Each series may be resolved into two others consisting of alter nate odd numbers, the respective sums of which are two adjacent triangular numbers, the addition of which it is well known forms a square.
Ex. : 1 + 5 + 9 + 13=28 3 + 7 + 11 = 21 4 9 = 72 B.
Every square n~ is the sum of an arithmetical progression of n terms, the first term of which is ^± 1 , and the common difference 1, This arrangement renders evident that every square of an odd number is the sum of as many consecutive natural numbers as the root has units.
Every square of an odd number is the difference between two tri angular numbers the bases of which are respectively (3« + 1) and n. For, the sum of any series of natural numbers is the difference of two series of natural numbers commencing with unity; and since, as it is shown above, every square of an odd number is the sum of a series of natural numbers, it is also the difference between two tri angular numbers.
It is also evident that series, the sums of which are squares of odd numbers, may be so taken that, when placed in succession, they will form an uninterrupted progression of natural numbers commencing with unity, the sum of which is a triangular number; 
Every cube
n3 is the sum of an arithmetical progres terms, the first term of which is unity, and the difference 2(ra + l). Every cube n3 is the sum of an arithmetical progression of n terms, the first term of which is the root n, and the difference 2 The last terms of these series are the alternate triangular num bers. If they be respectively divided by the first terms, the quo tients will be the series of odd numbers.
E.
Every cube n3 is the sum of an arithmetical progression of n terms, the first term of which is (ra2-w + 1), and the difference 2. The sum of any series of odd numbers commencing with unity being equal to the square of the number of terms (A.), the sum of the numbers in any triangle formed as above is necessarily equal to the square of a triangular number. It is also easy to see that each cube is the difference between the squares of two consecutive trian gular numbers ; and, that the difference between the squares of any two triangular numbers whatever is the sum of consecutive cubes. The following equations have been found by ascertaining what dif ferences of the squares of two triangular numbers are equal to single cubes:-3 3 + 4 3 _|_5 3 _ 6 3 113+ 123+ 133+ 143= 2 0 3.
F.
Every cube n3 is the sum of an arithmetical progression of n terms, the first term of which is a triangular number and the dif ference -n. Each number contained in this triangle is itself the sum of an arithmetical progression of » terms. Thus, taking the fifth row for example« l+ 2+ 3 + 4 + 5 = 15 2+3+4+5+6= 20 34-4 + 5 + 6+7= 25 4 + 5 + 6 + 7 + 8= 30 5 + 6 + 7 + 8 + 9= 35 125= 53
I he sum ol all the numbers contained in a square thus formed is equal to the cube of the number which occupies the upper righthand and lower left-hand corners. The sum of the numbers in either of the diagonals is the corresponding square, and in the case of the odd numbers the sum of the middle horizontal or vertical line is also the square.
Ih is last-mentioned relation was pointed out by Lichtenberg*, who stated the theorem thus :-If a be a whole number, and A be the sum of all the natural numbers from 1 to a, then : G.
Every cube n3 above 1 is the sum of an arithmetical pro of n terms, the first term of which is 2)2, and the difference= 8. Thus any triangular number multiplied by 8 with 1 added is equal to the square of an odd number; or, any square of an uneven number minus 1 is divisible by 8, and the quotient is a triangulai number. § 3.
Of the higher powers I will confine myself to one example. Every fourth power w4 is the sum of an arithmetical progression of n terms, the first term of which is n2, and the difference 2n-. This triangle consists of the progressions in (D.) multiplied re spectively by n, or of those in (A.) multiplied by 2.
